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Abstract—Combined harnessing of electrical and ther-

mal energies has strengthened the interdependence between 

electricity and heating systems. It offers extra flexibility to 

system operation and improves energy efficiency. However, 

the nonlinearity in the coordinated operation of integrated 

electricity and district heating systems (IEDHS) brings 

about computational difficulties. This paper proposes a lin-

earized modeling technique for the IEDHS which operates 

in variable flow rate and variable temperature (VF-VT) 

mode. Firstly, the district heating and electricity distribu-

tion network, as well as the key components such as com-

bined heat and power (CHP) units are modeled. Then, the 

coordinated optimal operation (COO) of the IEDHS is for-

mulated. Furthermore, the bilinear terms due to the VF-VT 

strategy are linearized based on McCormick Envelopes. In 

this way, the COO problem is reformulated into a standard 

quadratic programming problem, which can be well ad-

dressed by off-the-shelf solvers. Finally, the numeric results 

demonstrate the potential benefits of the proposed technique 

in terms of reducing system operation cost and wind cur-
tailment. 

Keywords—linearization, coordinated optimal operation, 

McCormick Envelopes, integrated electricity and district 

heating system 

I. INTRODUCTION 

Renewable generations such as wind power have been 
developed prosperously worldwide in recent years [1]. 
However, large amounts of wind generations are curtailed 
in winter due to the lack of flexibility of combined heat 
and power (CHP) units in Northern China [2]. The elec-
tricity output of the CHP unit is strictly constrained by its 
heat output. In cold seasons, the heat demand has a ten-
dency opposite to the electricity demand but consistent 
with wind generation during off-peak hours. Thus the 
electricity output of CHP units could cover most of the 
electricity demand, leading to high wind power curtail-
ments [3]. 

Given the tight interdependence between electrical and 
thermal energies, the cooperation of electricity systems 

and heating systems can reduce the wind curtailment by 
sufficiently using the advantages of these two energy re-
sources [4]. The concept of integrated electricity and dis-
trict heating system (IEDHS) is therefore proposed. The 
coordinated operation of IEDHS has been well developed 
over the past few years. A combined heat and electricity 
dispatch was formulated in [5] to coordinate the operation 
of electricity system and district heating system. The de-
ployment optimization of a CHP-dominated power system 
with wind power, pumped hydro storage, and electric 
boilers was explored in [6]. In the researches above, the 
network model of the heating system is neglected. The 
coordinated optimization model was established to mini-
mize the pumping cost and heat loss cost in [7, 8]. Sys-
tematic modeling of combined electricity and heat net-
works considering hydraulic and thermal circuits has been 
illustrated in [9]. A uniform framework in the Laplace 
domain was proposed in [10] from an electrical-analog 
perspective. 

In the researches above, the flow model of the heating 
system is simplified. The control of the primary district 
heating network (DHN) mainly depends on two kinds of 
parameters: supply temperature and flow rate. Most of the 
aforementioned studies specified one of the parameters, 
thus eliminating bilinear terms at the cost of giving up a 
large part of the feasible region. However, more and more 
district heating networks are transformed into variable 
temperature and variable flow rate (VF-VT) systems, 
which allows the IEDHS to operate more flexibly by con-
trolling the two aforementioned parameters [11]. There-
fore, fast and robust modeling and solution methodologies 
for IEDHS operation with VF-VT strategy are urgently 
required. 

To address the research gaps, this paper proposes a 
linearized modeling technique for IEDHS which operates 
with the VF-VT strategy. The contribution is twofold: 

(1) The coordinated optimal operation (COO) of the 
IEDHS is formulated. The model balances heat and elec-
tricity demands over 24 hours with various energy 
sources. This research is supported by the Key Scientific and Technological 
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(2) The bilinear constraints inheriting from the VF-VT 
strategy are linearized by McCormick Envelopes. In this 
way, the COO problem is reformulated into a standard 
quadratic programming problem. 

The remainder of the paper is organized as follows. 
Section II describes the structure of IEDHS. The COO of 
the IEDHS is formulated in Section III. Section IV linear-
ized the problem by using McCormick Envelopes. The 
manifold benefits of the proposed technique are illustrated 
by the case study in Sections V. Section VI concludes the 
paper. 

II. STRUCTURE OF IEDHS. 

A. Basic Introduction to the IEDHS 

The IEDHS is comprised of a heating system and an 
electricity system. The heat sources in a heating system 
usually include CHP units, heat pumps, and electric boil-
ers. They output thermal energy by heat media such as hot 
water or steam and then deliver the heat power to the cus-
tomers through the DHN. The DHN consists of symmetric 
supply pipes and return pipes. The mass flow rates in the 
supply pipes are equivalent to those in the return pipes. If 
the mass flow rate is negative, that means the direction of 
the flow is opposite to the prescribed positive direction. At 
each source/load node, heat power is injected in-
to/withdrawn from the network via a heat exchanger, as 
shown in Fig.1.  

The operating strategy can be divided into the follow-
ing four categories [12]: constant flow rate and constant 
temperature (CF-CT), variable flow rate and constant 
temperature (VF-CT), constant flow rate and variable 
temperature (CF-VT), and VF-VT. The CF-CT with 
maximum temperature and maximum flow rate is only 
adopted when the maximum heat demand is encountered. 
The VF-CT and CF-VT usually set either flow rate or 
temperature constant, thus the bilinear terms inheriting 
from the products of flow rates and temperatures are au-
tomatically avoided. However, a large part of the feasible 
region is given up. The VF-VT strategy entails adjusting 
flow rate and supply temperature simultaneously with 
respect to the variation of heat demand. It makes the sys-
tem operation more energy efficient. In this paper, it is 
assumed that the DHN is operated with the VF-VT strat-
egy. 

Generally, the generating units in the IEDHS can be 
divided into electricity-only units, coupling devices, and 
heat-only units. In this paper, the electricity-only units 
include gas turbines (GT) and distributed wind generators 
(WG). The coupling devices include CHP units and elec-
tric boilers (EB). The heat-only units include gas-fired 
boilers (GB). 

B. Heating System Model 

A heating system consists of heat sources and a DHN. 
The DHN model characterizes the thermal and hydraulic 
conditions. Thermal conditions characterize the relations 
between nodal temperatures and heat demand/supply, 
which are explicated as follows: 

 

Fig. 1. General structure of a DHN node. 

1) Heat demand/supply:  

 , ,( )i i s i r icm T T    

where 
i  is the heat demand/supply at heat load/source 

node i . c is the specific heat capacity of water. 
im is the 

mass flow rate in the pipe connecting the supply and re-

turn networks. ,s iT  and ,r iT are the temperatures at the 

supply side and return side, respectively. , ,s i r iT T always 

holds. 

2) Fluid heat loss: Taking the heat loss into account, the 

temperature of the fluid in pipes drops along the flow 

directions. The relation between inlet and outlet temper-

atures of each pipe can be formulated as: 
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where 
inT  and 

outT  are the inlet and outlet temperatures 

of the pipe, respectively. 
amT  is the ambient temperature. 

  is the heat transfer coefficient of the pipe per unit 

length. L is the length of the pipe. 
lm  is the mass flow 

rate in the pipe. 

3) Temperatures at confluence nodes: According to the 

energy conservation law, when fluids with different tem-

peratures come across at a confluence node, the tempera-

ture of the mixture is calculated as: 

 , ,( ) = ( ), ,k k pipe pipe
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where 
pipe

iS 
 and 

pipe

iS 
 are the set of pipes whose out-

let and inlet are connected to node i , respectively. 
k

lm  

is the mass flow rate in pipe k . ,k outT  is the temperature 

at the outlet of pipe k . ,j inT  is the temperature at the 

inlet of pipe j . 

Hydraulic conditions describe the mass flow and fluid 
pressure in pipes, including the following formula: 

4) Fluid pressure loss: Due to the friction of pipes, the 

fluid pressure decreases along the pipe. The pressure loss 

is expressed as follows based on the Darcy-Weisbach 

equation [13]: 
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where 
lP  is the pressure loss along the pipe.   is the 

fluid kinematic viscosity. D  is the inner diameter of the 
pipe. 

5) Continuity of mass flow: According to the mass con-

servation law, the mass flowing into a node is equal to 

the mass flowing out of the node. 

 S L

l i im m m  Α  () 

where S

im  and L

im  are the mass flow rates of the heat 

sources and loads, respectively. The incidence matrix 

[ ]ikaΑ  is defined as: 
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6) Fluid pressure balance: According to the principle of 

pressure balance, the pressure loss in a closed loop is 

equal to zero. 

 0f lP Β  ()

where fΒ  is the basic loop matrix and can be defined as 

[ ]f hkbΒ . 1hkb   indicates that the direction of mass 

flow in pipe k  is consistent with the direction of loop h ; 

1hkb    indicates that the direction of mass flow in pipe 

k  is opposite to the direction of loop h . 

It should be noticed that the flows in the DHN are 
maintained by a circulating water pump. Given it con-
sumes little electricity, the cost of the circulating water 
pump is negligible in the DHN [14]. 

7) Heat sources: Three kinds of heat sources are con-

sidered: CHP units, EBs, and GBs. 
The electricity output of a CHP unit is limited by its 

heat demand. The feasible operation region of an extrac-
tion-condensing CHP unit is shown in Fig. 2 [15]. 

 

Fig. 2. The feasible region of heat and electricity outputs in the CHP 
unit. 
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where e is the index of CHP units. ,m ec  is the 

heat-to-electricity ratio of the CHP unit operating at back 

pressure. ,v ec  is the electricity output reduction of the 

CHP unit operating at extraction-condensing to produce 

heat. 
chp

eP  and 
chp

eP  are the maximum and minimum 

electricity output of the CHP unit, respectively. 
chp

e  is 

the maximum heat output of the CHP unit. ,

chp

e tP  and 

,

chp

e t  are the electricity and heat output of the CHP unit, 

respectively. 

The operation cost of CHP units is a bi-variate convex 
quadratic function with respect to their electricity and heat 
outputs. 

 2 2 1 0
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where 
m

ea  is the mth cost coefficient of the CHP unit. 

EBs convert electricity into heat, outputting a certain 
amount of heat steam, water, or other thermal media. The 
operation cost of EBs is formulated as: 


,
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t
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   ()

where f is the index of EBs. ,

eb

f t  is the heat output of 

the EB. f  is the efficiency of the EB.   is the elec-

tricity price. 

The operation cost of a GB is defined as a quadratic 
function of the heat output [5]. 

  2 2 1 0

, ,( )gb gb gb

t g g t g g t g

g
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where g is the index of GBs. ,

gb

g t  is the heat output of 

the GB. 
m

gb  is the mth cost coefficient of the GB. 

C. Electricity System Model 

1) Linearized branch flow model: Considering the dis-

tribution network usually has a radial topology structure, 

the model of the electricity network can be described by 

the linearized branch flow model [16]. The typical to-

pology is shown in Fig. 3. 
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Fig. 3. Typical topology of the linearized branch flow model. 
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where ijP  and ijQ are active power and reactive power 

in distribution line ij. g

jP  and g

jQ  are active and reac-

tive power generations at bus j. d

jP  and d

jQ  are active 

and reactive power demands at bus j. ijr  and ijx  are line 

resistance and reactance. jU  and 
0U  are voltage mag-

nitude at bus j and slack bus, respectively. ( )j  is the set 

of nodes whose injection power is flowing from node j . 

2) Electricity generation model: In this paper, three 

kinds of electricity sources are considered including GTs, 

distributed WGs, and CHP units. CHP units have already 

been modeled in section II-A. 
The operation cost of GTs is defined as a quadratic 

function of the electricity output [14]. 

  2 2 1 0

, ,( )gt gt gt

h h h t h h t h

h

C c P c P c    

where h is the index of GTs. ,

gt

h tP  is the electricity output 

of the GT unit. 
m

hc  is the mth cost coefficient of the GT 

unit. 

The penalty cost of distributed WGs is proportional to 
wind power curtailment. 

  ,,

wind

t n tn t

n

C Wg Wg   

where n is the index of distributed WGs. ,n tWg  and 

,n tWg  is the real electricity output and predicted available 

generating capacity of the distributed WG.   is the pen-
alty factor of wind curtailment. 

III. FORMULATION OF COO 

In this section, the COO problem is formulated. The 
proposed COO seeks the optimal operating point of elec-
tricity generation units and heat sources to minimize the 
operation cost. 

In the COO model, the decision variables regarding 
the electricity system include: the electricity output of 

GTs (
gt

hP ), distributed WGs ( nWg ), and CHP units (
chp

eP ) 

as well as the electricity demand of EBs (
eb

fPd ). The de-

cisions regarding the heating system include: the heat 

output of CHP units (
chp

e ), EBs (
eb

f ), and GBs (
gb

g ); 

mass flow rates in water pipes (ml), sources (
S

im ), and 

loads ( L

im ); temperatures of nodes at the supply side ( ,s iT ) 

and return side ( ,r iT ), inlet temperatures (
inT ), and outlet 

temperatures (
outT ). 

The objective is to minimize the total operation cost. 
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where , , , andchp eb gb gt wind

t t t t tC C C C C are defined in (9), (10), 

(11), (15), and (16), respectively. 

Subject to: 

1) Mass flow rate limits: Mass flow rates in pipes 

should be constrained within their limits. 
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2) Temperature limits: The temperatures should be con-

strained within their limits. 

 , , , , , ,,s i s i s i r i r i r iT T T T T T     ()

 ,in in in out out outT T T T T T     

3) Electricity output constraints of GTs: The Electricity 

outputs of GTs are within their technical limits. 

 ,

gtgt gt
hh h tP P P   ()

4) Electricity output constraints of distributed WGs: 

The electricity outputs of the distributed WGs are limited 

by their available wind power. 

 , ,0 n t n tWg Wg   ()

5) Heat output constraints of EBs: The heat outputs of 

EBs are constrained by their limits. 

 ,0 eb eb

f t f     ()

6) Heat output constraints of GBs: The heat outputs of 

GBs are constrained by their limits. 

 ,0 gb gb

g t g     ()

7) CHP units constraints (8) 

8) Electricity network constraints (12)-(14) 

9) Heat demand/supply constraints (1) 

10) Fluid heat loss constraints (2) 

11) Constraints of temperatures at confluence nodes (3) 

12) Fluid pressure loss constraints (4) 

13) Continuity of mass flow constraint (5) 

14) Fluid pressure balance constraints (7) 



IV. A LINEARIZATION APPROACH BASED ON MCCOR-

MICK ENVELOPES 

Observing the COO problem, all the operation costs in 
the objective function are quadratic. However, the con-
straints are nonlinear due to products of mass flow rates 
and temperatures in constraints (1), (3), and exponential 
functions in constraints (2). 

According to (2), the heat power loss along the pipe is 
defined as: 

 ( ) ( )(1 e )l

L
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l l in out l in amcm T T cm T T




       

In practice, 0 1
l

L cm . Using the equivalent in-

finitesimal 1xe x   , (25) can be approximated as [17]: 
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From the equation above, we can see that the heat 
power loss only depends on the inlet temperatures of pipes. 
This means that for a pipe with certain length and heat 
transfer coefficient, the lower the inlet temperature is, the 
lower the heat power loss is. 

The constraints of heat demand/supply (1) and tem-
perature at confluence nodes (3) both have bilinear terms 
inheriting from the VF-VT strategy. In this paper, we use 
McCormick Envelopes to guarantee convexity and keep 
the bounds sufficiently tight [18]. 

By adopting McCormick Envelopes, (1) can be re-
placed by (27). 
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Similarly, (3) can be transformed into a linearized 
model by adopting McCormick Envelopes. 

In this way, the COO problem is reformulated into a 
standard quadratic programming problem. In this paper, 
the optimization model is solved using YALMIP [19] by 
calling CPLEX [20]. 

 

Fig. 4. Topology of the IEDHS. 

V. CASE STUDIES 

A. System Configurations 

A test IEDHS is used to validate the proposed method. 
The test system is composed of an IEEE 33-bus electricity 
network and a 32-node DHN modified from [9, 21], as 
shown in Fig. 4. The electricity-only units include two 
GTs and a distributed WG. The coupling devices consist 
of a CHP unit and an EB. The heat-only unit refers to the 
GB. Static var generators with the capacity of 1.5 and 2.0 
MVar are located at bus 3 and bus 12 for compensating 
reactive power and maintaining the voltage, respectively. 
Parameters of the CHP unit, distributed WG, GB, GTs, 
EB, and the boundaries of control variables are listed in 
Table I. 

The profiles of the hourly electricity demand, heat 
demand, and forecasted maximum wind generation are 
shown in Fig. 5. The electricity and heat demand profiles 
are derived from [21]. 

The proposed model is applied to the test system over 
24 hours. All simulations are conducted on a laptop with 
Intel i7-6700HQ CPU and 8G memory. The simulation 
results from two scenarios are compared. 

Case 1: the DHN is controlled by the CF-VT strategy. 

Case 2: the DHN is controlled by the VF-VT strategy. 

TABLE I.  PARAMETERS OF IEDHS 

Variable Value Variable Value 

2 1 0/ /e e ea a a  0.37/26.98/41.53 /f   0.9/20 

2 1 0/ /g g gb b b  0.15/20/40 , ,/s i s iT T  70/100 

1 1 1

2 1 0/ /h h hc c c  0.12/20/50 , ,/r i r iT T  35/70 

2 2 2

2 1 0/ /h h hc c c  0.09/15/55 /l lm m  -15/15 

, ,/v e m ec c  0.15/0.55 /i im m  -15/15 



 

Fig. 5. Electricity demand, heat demand, and wind power generation 

profiles. 

B. Analysis of the Simulation Results 

1) Operation costs and wind power accommodation 
In Case 1, mass flow rates are specified according to 

[21]. The operation costs and wind penalty costs are 
shown in Table II. We can see that the operation cost and 
wind penalty cost in Case 2 is much lower than those in 
Case 1. Compared with Case 1, the IEDHS in Case 2 can 
save the operation cost by 216.9 $ and wind penalty cost 
by 86.23 $ in a typical day, respectively. The results in-
terpret that the VF-VT strategy can remarkably reduce the 
operation cost, and in the meantime accommodate the 
wind power well. 

The wind power accommodation ratio in Case 1 and 
Case 2 are compared in Fig. 6. As we can see, wind power 
curtailment only occurs during the off-peak hours. We can 
also observe that wind power curtailment can be reduced 
significantly in Case 2. In Case 2, the DHN operator can 
regulate flow and supply temperature simultaneously with 
respect to the variation of heat demand, thus expanding 
the feasible region and achieving a better optimal solution 
than Case 1. Thereby, the wind power can be utilized ef-
fectively. 

TABLE II.  OPERATION COST AND WIND PENALTY COST 

 Operation Cost ($) Wind Penalty Cost ($) 

Case 1 4137.1 123.0627 

Case 2 3920.2 36.7937 

 

Fig. 6. Wind power accommodation ratio in two cases. 

2) Mass flow rates and Temperatures 

The mass flow rates of pipes and the nodal tempera-
tures at the supply side and return side in Case 1 and Case 
2 are shown in Fig. 7 and Fig. 8, respectively. We can see 
that for a certain heat demand, the difference between the 
supply and return temperatures is higher with smaller wa-
ter flow. Given the specified mass flow rate with CF-VT 
strategy, the temperature can only be adjusted in a very 
small range. However, the VF-VT strategy can adjust the 
mass flow rate and temperature flexibly in a greater scope. 

 

Fig. 7. Mass flow rates in two cases. 

 

Fig. 8. Nodal temperatures in two cases. 

 

Fig. 9. Inlet temperatures of pipes in two cases. 

The inlet temperatures of pipes in Case 1 and Case 2 
are shown in Fig. 9. According to (26), the heat power 
loss only depends on the inlet temperatures of pipes. As 



we can see, the inlet temperatures of pipes in Case 2 are 
lower than those in Case 1. This verifies that the power 
loss of the system with the VF-VT strategy is much lower 
than that with the CF-VT strategy. 

VI. CONCLUSIONS 

In this paper, a linearized modeling technique for the 
IEDHS which operates in VF-VT mode is proposed. The 
COO of IEDHS is formulated. The bilinear constraints 
due to the VF-VT strategy are linearized based on 
McCormick Envelopes. In this way, the COO problem is 
reformulated into a standard quadratic programming 
problem. The proposed technique is used in a modified 
testing system, we find that the IEDHS with the VF-VT 
strategy is more energy efficient and cost effective in dai-
ly operation. Compared with the CF-VT strategy, the 
IEDHS with the VF-VT strategy can reduce the operation 
cost by 216.9 $, and the wind penalty cost by 86.23 $ in a 
typical day, respectively. The proposed technique can 
improve the computational efficiency of IEDHS with 
VF-VT strategy, and contribute to the day-ahead unit 
commitment in IEDHS as well. 
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